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ABSTRACT 

Let ~" be a family of holomorphic functions in a domain D, and let a, b 
be two distinct finite complex numbers. If, for any f C 5 r, f and f '  share 
a IM, and if(z) = b whenever f(z) = b, then 5 r is normal in D. This 
improves results due to Pang, Pang and Zalcman, Xu, etc. 

1. I n t r o d u c t i o n  

Let f be a noncons tan t  meronlorphic function. In  this paper,  we use the following 

s tandard  no ta t ion  of value dis t r ibut ion theory, 

m 

T(r ,  f ) ,  re(r, f ) ,  N ( r ,  f ) ,  N(r ,  f ) ,  N ( r ,  i / f ) ,  . . . 

(see H a y m a n  [101, Schiff [18], Yang [23]). We denote by S(r,  f )  any funct ion 

satisfying 

S(r,  f )  = o{T(r ,  f )} ,  

as r -+ +oc,  possibly outside of a set with finite measure. 

Let g be a meromorphic function, and  let a be a complex number .  If f - a 

and  g - a have the same zeros (ignoring multiplicity),  then we say tha t  f and  g 

share value a IM. 
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Let g be a meromorphic function in the complex plane. We say that g is a 

Yosida function if there exists a positive number M such that g# (z) < M for all 

z C C, where 

g # ( z ) - -  Ig'(z)l 
1 + Ig(z)L s 

denotes the spherical derivative. 

Gundersen [8] and Mues and Steinmetz [13] proved 

THEOREM A: Let al, a2, an be three distinct finite numbers, and let f be a 

nonconstant meromorphic function. I f  f and f~ share al, as, a3 IM, then f ( z )  - 

f '(z). 

Mues and Steinmetz [13] obtained 

THEOREM B ([13]): Let a, b be two distinct finite numbers, and let f be a 

nonconstant entire function. I f  f and f '  share a, b IM, then f ( z )  - f / (z ) .  

Jank, Mues and Volkmann [12] proved 

THEOREM C: Let f be a nonconstant entire function, and ]e ta  be a nonzero 

finite complex number. I f  f and f '  share a IM, and f ' ( z )  = a whenever f ( z )  = a, 

then f ( z )  =_ f / (z ) .  

Gundersen and Yang [9] and Al-khaladi [1] extended Theorem C as follows. 

THEOREM D: Let f be a nonconstant entire function with finite order, and let 

a be a nonzero finite complex number. I f  f and f '  share a IM, and f(k)(z)  = 

f(k+l)(z)  = a whenever f ( z )  = a, then f ( z )  - f ' ( z ) .  

Let D be a domain in C, and Y be a family of meromorphic functions in 

D. ~ is said to be normal in D, in the sense of Montel (see Schiff [18]), if, for 

any sequence fn E $', there exists a subsequence fn, such that f ~  converges 

spherically locally uniformly to a meromorphic function or cc in D. 

Schwick [19] first found the relation between normal families and shared values. 

He obtained the following normality criterion related to Theorem A. 

THEOREM E: Let 5 r be a family of  meromorphic functions in a domain D, and 

let ax, as, a3 be three distinct finite complex numbers. If, for any f ~ 3 c, f and 

f '  share al, a2, a3 IM, then Jr is normal in D. 

Xu [21, 22] and Pang [15] proved a normality criterion related to Theorem B. 
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THEOREM F: Let jz  be a family of holomorphic functions in a domain D, and 

let a, b be two distinct finite complex numbers. If, for any f c jr, f and f f  share 

a, b [M, then ~ is normal in D. 

In this paper,  we improve Theorem F as follows. 

THEOREM 1: Let jr  be a family of  holomorphic functions in a domain D, and 

let a, b be two distinct finite complex numbers. If, for any f C jr, f and f f  share 

a IM, and f ' ( z )  = b whenever f ( z )  = b, then jz  is normal in n .  

THEOREM 2: Let jr  be a family of  holomorphic functions in a domain D, and 

let a, b be two distinct finite complex numbers such that b ~ O. If, for any f E .~, 
f and f '  share a IM, and f ( z )  = b whenever i f ( z )  = b, then jr  is normal in D. 

Remark 1: Theorem 1 is not valid for a family of meromorphic  fimctions. 

Let D = {z: ]z I < 1}, and 

(2nz - 1) 2n 
7 - =  { ( 2 ~ z z = ~ ) ~ -  - l : n =  1 , 2 , 3 , . . . } .  

Then for any f E jr, 

f = (2nz - 1) 2n f ,  = -4n2(2nz  - 1) 2n-1 

(2nz - 1) 2'~ - 1 '  [(2nz - 1) 2n - 1] 2 " 

Obviously, the zeros of f are of multiplicity _> 2, f and f '  have the same zeros, 

f # 1 (hence f'(z) = 1 w h e n e v e r  f ( z )  = 1) .  

On the other  hand, we have 

f#(O) - I/'(o)1 - 4n 2 ~ cxD, as n --~ oc. 
1 + If(O)l 2 

Hence by Mar ty ' s  normali ty  criterion, ~ is not normal  in D. 

Remark  2: b ~ 0 is necessary in Theorem 2. 

Let 9 v =  {e n z - a / n + a :  n = 1 , 2 , 3 , . . . } ,  D = {z: Izl < 1}. Then, for any 

f E jr, f ( z )  = e nz - a /n  + a. Obviously, f and f '  share a [ M ,  f ' ( z )  # O. But 3 c 

is not  normal  in D. 

Remark  3: Pang  and Zalcman [16] proved tha t  Theorem F remains valid for 

a family of meromorphic  functions. But  Theorem 2 is not valid for a family of 

meromorphic  functions. 
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Let a, b be two nonzero numbers  such tha t  a = (m + 1)b, where m is a positive 

integer. Set D = {z: Iz[ < 1}, and 

1 } 
m(nz  - 1) m + a: n = 1, 2, . . . .  

Then,  for every f C iT, 

: ( z )  = b z - + m( z - +a,  i f ( z ) = b  
n 

( n z -  1) re+l" 

Obviously, f and f f  share a, i f (z)  ~ b (hence f ( z )  = b whenever i f (z)  = b). But  

~" is not normal  in D. 

Chen and Hua  [6] and Pang  [15] obta ined a normal i ty  criterion related to 

Theorem C. 

THEOREM G: Let 2: be a family of holomorphic functions in a domain D, and 

let a be a nonzero finite complex number. If, for any  f E ~ ,  f and f f  share a 

IM, and f " ( z )  = a whenever f ( z )  = a, then iT is normal in D. 

Naturally,  we ask whether  there exists a normal i ty  criterion related to Theorem 

D ? In this paper ,  using the me thod  of [17], which is different from [6, 21, 22], 

we give a posit ive answer to the question. 

THEOREM 3: Let F be a family of holomorphic functions in a domain D, and 

let a be a nonzero finite complex number. If, for any f C ~ ,  f and f f  share a 

IM, and f(k)(z)  = a, f(k+l)(z) = a whenever f ( z )  = a, then iT is normal in D. 

2. S o m e  l e m m a s  

For convenience, we define 

 D(r,f) :=Clm §  (r, § Cam : , :  

( + c4m r, f ,  _ a ] + C5m r, -fZ; ] , a c e  

where 0 , c 2 , . . . , c 5  are constants,  which may  have different values at  different 

occurrences. Let LD(r, g) be similarly defined. 

LEMMA 1: Let f and g be nonconstant holomorphic functions on the unit disc 

A.  Let 
f " ( z )  2f ' (z)  f ( z )  2g'(z) 

P(z)  - i f (z)  f ( z )  - 1 g'(z---) + g ( z ) ~  
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If f and g share 1 IM on A, and f(O) r O, 1, f'(O) :/: O, g(O) r O, 9'(0) ~: 0 and 
P(O) r O, then 

T(r,f) <4N (r, f ) + 3 N  (r, ~)+O(X)(LD(r , f )+LD(r ,g)+  1) 

+loglf (0)( f (0)- l ) ]+21og f(0) +2log g (0 )+ log  1 
If'(0)l f'(0) f(0) IP(0)l" 

Proo~ By Nevanlinna's second fundamental theorem, we have 

T(r , f )§  <_N (7", f ) §  N (r, ~ _  1 ) + N  (r, ~ ) +  N (r, g 1____~) 

( 1 )  ( 1 )  
-No  r,]7 -No  r,~7 +O(1) (Ln( r , f )+ in ( r ,g )+l )  

(2.1) + log [f(0)(f(0) - 1)[ § log [g(0)(g(0) - 1)[, 
% i 

If'(0)1 Ig'(0) l 

where No(r, 1/f') denotes the counting function corresponding to the zeros of f' 
that are not zeros of f ( f  - 1); No(r, 1/g') is defined similarly. 

Let NL(r, 1 / ( f -  1)) and NL(r, 1/(f -- 1)) denote the counting function and 
the reduced counting function, respectively, for 1 -points of both f and g about 
which f has larger multiplicity than g, and Nl~(r, 1 / ( f -  1)) denote the counting 
function for common simple 1 -points of both f and g. Let NL(r, 1/(g-- 1)) and 
NL(r, 1/(g -- 1)) be defined similarly. 

Since f and g share 1 IM, we have 

~-Nll (r, f--~) § (r, f--X) § (r, 1--1 ) 
( 1 ) r , ~ _ ~  ( f l _ l  ) 1 <_Nll §  r, +T(r,g)+loglg(O)_ll+O(1 ). 

Combining this and (2.1), we get 

-No  r, -No  r, +O(1) ( iD(r , f )+iD(r ,g )+l )  

(2.2) + log If(0)(f(0) - 1)1 Ig(0)l 
If'(O)[ + log Ig'(O)l" 
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Suppose tha t  zo is a simple 1 - point of both  f and g. 

calculation shows that  zo is a zero of P .  Thus 

Nll ( r , ~ _  1 ) __<N (/*,p) 

(2.3) <N(r, P) + O(1)(LD(r, f) + LD(r, g) + 1) + l o g -  

From the definition of P(z), we have 

(2.4) 

Isr. J. Math. 

Then an elementary 

Noting tha t  

we have 

Combining (2.2), (2.3) and (2.4), we obtain 

T(r,f) <2-K (r, f ) § 2N (r, ~) + 2-NL (r, f--~) § Nn (r, g l--1) 
+O(1)(nD(r, f) + LD(r,9) + 1) 

(2.5) § If(O)(f(O)- 1)1 Ig(O)l 1 
If'(o)l + l o g ~  +log IP(O)I" 

( 1 )  ,,(o)I 
<_N r,-fi <_N 7", +in(r,f)+loglff(O)l, 

- ] f ' ( 0 ) [ "  

Similarly, we have 

(2.7) NL (r, g l~_ l)  < N(r ,~)  + LD(r,g)+log lg(O)' 
- Ig'(oii 

Subst i tut ing (2.6) and (2.7) in (2.5), we get the conclusion of Lemma 1. 

1 
Ie(O)l" 
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LEMMA 2: Let f be a nonconstant holomorphic function on the unit disc A, and 
let a, b be two distinct nonzero complex numbers. I f  f and f '  share a IM, if(z) = b 
whenever f (z)  = b on A, and f(O) # a, b, f'(O) r O, a, f"(O) # O, f(O) # f'(O) 
and Q[f(O)] # O, then 

T ( r , f )  
[(f(O) - a)(f(O) - b)l [f(O) - b] <_O(1)(LD(r, f )  + 1) + log + 2log 

If'(o) l If"(o)l 
[ ( f ( o )  - a ) ( f ( O )  - b)[ I f ' ( O ) ( f ' ( O )  - a ) l  + l o g  - -  

+ 7log ~ - ) ( - f ~ _ - - ] 7 ( ~ ) ~  + 4log If"(O)(f(O) - f'(O))l 

wh ere 

Proo~ 

(2.s) 

On the other hand, it is easy to see that 

IQ[f(o)]l' 

f"(z)  2f'(z) f '"(z) 2f"(z) 
Q[f(z)] - i f(z) f (z)  - a f " ( z~  + f ' ( z ) ~ "  

Since f and f '  share a IM, f ' (z)  = b whenever f (z)  = b, we have 

<_N r, <_T(r, f  - f f ) + l o g l f ( O ) _  f,(O)] 

1 
<_T(r, f )  + O(1)(LD(r, f )  + 1) + log 

If(O) - f'(o)l" 

1 
m (r,  f l - -~_a)+m (r, f ~ ) ~ _ m  (r, ] 7 ) + O ( 1 ) ( L D ( r , f ) + l ) .  

Combining this and (2.8), we get 

<_T(r , f )+T  r, - N  r, 

(2.9) 

Thus we have 

+ O(1)(LD(r , f )  + 1) + log 
If(O) - f '(o)l" 

(2.10) 

T(r , f )  <_T(r, ff) - N (r, f f  ) 

I(f(O) - a)(f(O) - b)l 
+ O(1)(LD(r, f)  + 1) + log ~ 7 ~ O - ) ~ - f ~ ~ ) -  ~ . 
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Considering T(r, f ' )  <_ T(r, f )  + LD(r, f ) ,  we deduce from (2.10) tha t  

(1) 
(2.11) N r,~7 < O ( 1 ) ( L D ( r , f ) + l ) + l o g  I ( f ( O ) - a ) ( f ( O ) - b ) l  

- I / ' ( o ) ( y ( o )  - / ' ( o ) ) 1  

Hence by (2.8), (2.10) and Nevanlinna's second theorem, we get 

- - (  l ) 1 
<_T(r,y) - N r, f ~  + O(1)(LD(r , f )  + 1) + log If(0)  - Y'(0)l 

(1) 
< T ( r , f ) - N  r,-]; - N  r, + O ( 1 ) ( L D ( r , f ) + l )  

1 I ( f (0)  - a)(f(O) - b)l 
+ log i f (0)  - f ' (0 ) l  + log I f ' ( 0 ) ( f ( 0 )  - f ' (0 ) ) l  

I f ' (0 ) ( f ' (0 )  - a)l + log 1 
<_O(1)(LD(r, f )  + 1) + log I f"(0) l  I f (0)  - f ' (0 ) l  

(2.12) + log I(f(0) - a)(f(O) - b)l 
l Y ' ( 0 ) ( y ( 0 ) -  Y'(0))l  " 

Since f and f '  share a IM, ( f  - b)/(a - b) and f ' / a  share 1 IM. By applying 

Lemma 1 to the functions ( f  - b)/(a - b) and f ' /a ,  and using (2.11) and (2.12), 

we obtain the desired result. The  proof  of Lemma 2 is complete. II 

LEMMA 3 (see Bureau [3]): Let bi,b2 and b3 be positive numbers and U(r) a 
nonnegative, increasing and continuous function on [ro, R), R < cx~. I f  

1 
U(r) < bl + b2 log + - -  + b3 log + U(p) 

p - r  

for any ro < r < p < R, then 

1 
U(r) _< B1 + B2 log + R - r 

for ro <_ r < R, where B1 and B2 depend on bi (i = 1 ,2 ,3)  only. 

LEMMA 4 (see Hiong [11]): I f f ( z )  is meromorphic in Izl < R and  f ( 0 )  r 0 , ~ ,  

then for 0 < r < p < R, 

( 1 
m r, _<O(1){1 + log + log + If(0)--~ + l~ -r 

1 
+ log + - -  + log + p + log + T(p, f )} .  

p - r  

The next  lemma is a generalization of Zalcman's  well-known lemma (see [24]). 
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LEMMA 5 (see [4, 17, 24, 25]): Let  ~ be a family o f  holomorphic functions in a 

domain D with the proper ty  that  for every function f E jc, the zeros o f  f are o f  

multiplici ty at least k. I f  F is not  normal at zo = O, then for 0 <_ a < k, there 

exist 

(a) a sequence o f  complex numbers  zn --4 O, [Zn] < r < 1, 

(b) a sequence o f  functions f~ c ~ ,  and 

(c) a sequence of  positive numbers  Pn --+ O, 

such that  gn(~) = Pna fn(Zn + Pn~) converges locally uniformly to a nonconstant  

entire function g on C. Moreover, g is o f  order at mos t  one. I f  J: possesses the 

additional property  that  there exists M > 0 such that  [f(k)(z)[ <_ M whenever 

f ( z )  = 0 for any f E ~ ,  then we can take a = k. 

LEMMA 6 ([10, 23]): Let  f be a nonconstant  meromorphic  function. Then  for 

k > 1, b ~ 0, oc, 

3. P r o o f  o f  T h e o r e m  1 

We distinguish three cases. 

CASE 1: ab ~ O. Without  loss of generality, we may suppose tha t  D = A = 

{Izl < 1}, and prove normali ty at 0. 

Let fn  be a sequence in 3 r ,  which is not normal  at 0. We divide this case into 

two subcases. 

CASE 1.1: f~ -- fn  for every n C N; then f n ( z )  - Cue z, which is normal  at 0. 

CASE 1.2: Consider the case that  fn  and f~ are not identical. By Lemma 5, 

after transit ion to a subsequence there are a sequence zn -+ 0, a positive sequence 

p~ --+ 0 such tha t  

g , (~)  = / , ( z n  + pnr 

tends to a nonconstant  entire Yosida function g locally uniformly on compact  

subsets of C. By Picard ' s  Theorem, g must  take on the value a or the value b (or 

both).  If  g(~0) = a, then Hurwitz 's  Theorem implies the existence of a sequence 

~ --+ ~0 with 

fn ( zn  + Pnr = f : (Zn  + Pnr = a. 

This implies 

g'(r = lira pn/'(z  + pnr = o. 
n - ~  o o  
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Similarly, if g(~l) = b, then there is a sequence ~ --9 C1 such tha t  

f ~ ( z .  + p.~;:) = b, 

hence 

g '(~l)  = lim p,~f~(zn' + p,~{~) = O. 
n - - ~ o o  

Thus,  in any case, g is not a polynomial  of degree 1. 

We claim tha t  

(3.0) 3(g  - a ) g ' ( g " )  2 - 2(g ' )3g  '' - ( g , ) 2 g , , , ( g  _ a )  ~ O. 

I n d e e d ,  o t h e r w i s e  3(g  - a ) g ' ( g " )  2 - 2 ( g ' ) 3 g  ' '  - ( g , ) 2 g , , , ( g  _ a )  =- O, so 

3 9" 2g f g . i  
- - 0 ;  g ,  g - a g" 

hence 

(3.1) (g,)3 = C ( g  - a)2g '', 

where C is a non-zero constant.  

Suppose now tha t  g((o) = a; then  g~((o) = 0. Now (3.1) implies g # a. By a 

result  of Clunie and H a y m a n  [7], the order of the entire Yosida function g is one. 

So 

(3.2) g ( ( )  = a + e ~r 

where c ( ~  0) and d are complex numbers .  Since g :# a, there exists ~1 such t ha t  

g((1) = b, g '((1) = 0. But  this contradicts  (3.2). I t  follows tha t  (3.1) fails, so 

tha t  (3.0) holds. 

Choose a point  @ C (2 such tha t  

(3.3) g(~o) r a,b; g'(~o) r 0, g"(r r 0, 

and 

(3.4) 

then  

- a)g (~o)(g (~o)) - 3 ( g ( 6 )  , ,, 2 , 3 ,, 2(g (~o)) g (r 

-(g'(~o))2g'"(~o)(g(@) - a) # O; 

p~ ] ' ( zn  + ~ . r  + p.r - f ' ( z ,  + p.r 

1 ( fn(Zn + pn@) - a ) ( fn (Zn  + Primo) - b) (g(~o) - a)(g(@)  - b) 
_ _  --> 
p .  f , ( z .  + p.~o) g'(~o) ' 

1 f n ( z n  + p , @ )  - b g(~o) - b 

p~ j~,~"a. + p . ~ o )  g " ( r  ' 

(f~(z,~ + P,~r - a)( f~(z,~ + p~@) - b) (g(r - a)(g((o))  - b) 
(g'(~0))2 
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and 

f~ ( zn§247  - a )  (g'  (Co)) 2 --+ 
- -  i i  

~. f~ (z. + p.Co)(f.(zn + p . C o )  - I '(zn + pnCo)) ~ ' ( C o b " ( C o )  

Set Q n  = Q ( f n ) .  Since 

1 ( f  - a ) ( f '  - a ) f ' f "  

Q P ( f ,  f ' ,  f " ,  f ' " )  , 

where 

P(  f , f ' ,  f " ,  f ' " )  = 3 ( f  - a) f '  ( f " )  2 - 2 ( f ' ) 3 f  ' '  - (f ,)2 f,, ,  ( f  _ a) 

§ [2a ( f ' )2 f "+  a ( f  - a ) f f ' "  - a ( f  - a ) ( f ' ) 2 ] ,  

then 

(3.5) 1 1 (g(Co) , 2 ,, - a ) ( g  (Co)) g (Co) 
p ~ Q ~ ( z ~ + p ~ @ )  ~ n(g(Co),g'(@),g"((o),g'"(Co)) '  

where 

n(g(Co), g'(Co), g"(Co), g"'(Co)) 

= 3 ( g ( ~ o )  - a ) g ' ( C o ) ( g " ( C o ) )  2 - 2(g'(@))3g"(Co) - ( g ' ( C o ) ) 2 g ' " ( @ ) ( g ( C o )  - a ) .  

Therefore we have 

(3.6) 

(3.7) 

(3 .s )  

(3.9) 

log l(fn(Zn § P.CO) -- a ) ( f ,~ ( zn  § P,~CO) -- b)l --+ - ~ ,  
If 'n(zn § P-CO)I 

[ fn(Zn § PASO) -- bl 
log -+ - e %  

If"( zn + p.Co)l 

I ( f~(z .  + p~Co) - a ) ( A ( z .  + p.Co) - b)l 
log i fA(z .  § PnCo)(fn(Zn § PnCo) - SA(Zn + pnCo))l --+ -oc ,  

! Z Iffn(Zn § PnCO)(f~.( n § pnCo) - a)l 
log r  

J , ~  n + p,~Co)(fn(z,~ + pnCo) - JL(z,~ + p-G))I 
--(3(3, 

and 

(3.10) 
1 

log iQ,~(z n + P~o)l  
--~ -o<3. 

For n -- 1,2,..., put 

p. (z )  = f . ( z .  + p.Co + z). 
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Let n be sufficiently large; then pn(z)  is defined and holomorphic  on the disk 

0 < Izl < �89 since z~ + Pn(o --+ 0. By (3.3), (3.4) and (3.5) we have 

p (O) = g(r # a, b; 
1 , 

p ' ( 0 )  = ~ ,  g~(~o) -~ ~ ;  

P~ 
Q(pn(o) ) = Qn(z,~ + p,~@) -+ co. 

Therefore,  we may  apply  L e m m a  2 to p,~(z) and, using (3.6)-(3.10), we obta in  

T(r ,  pn) < O(1)LD(r ,  pn), 

for sufficiently large n. Hence by L e m m a  3 and L e m m a  4, we can get 

where C is a constant  independent  of n. Thus  f n ( z )  is bounded  for sufficiently 
1 large n and Iz] < g. We arrive a t  a contradiction.  The  proof  of Case 1 is 

complete.  

CASE 2: a = 0 ,  b # 0 .  

Wi thou t  loss of generality, we may  assume tha t  b = 1. Then,  using a lmost  the 

same a rgument  as in [21, 22], we can prove this case. Here we omit  the details. 

CASE 3: a r 0, b = 0. 

Suppose, on the contrary,  tha t  5 r is not normal  a t  zo E D. Since f ' ( z )  = 0 

whenever f ( z )  = 0, f has only mult iple zeros. Applying L e m m a  5 to a = 1, 

we obta in  a sequence of functions f~ C $-, a sequence z~ --+ Zo and a posit ive 

s e q u e n c e  Pn ~ 0, s u c h  t h a t  

locally uniformly, where g( ( )  is a nonconstant  entire function. Moreover,  g is of 

order a t  most  one. 

Since f has only zeros of mult ipl ici ty at  least 2, then by Hurwi tz ' s  Theorem,  g 

has no zeros of mult ipl ici ty less than  2. We claim tha t  there exists (0 such tha t  

g ' ( r  = a .  

Indeed, suppose tha t  g '(~) ~ a; then we have 

(3.11) g'(~) = a + cle ~2~. 
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Thus we get 

(3.12) g(()  -- a (  + c 3 -~- Clec2~. 
C2 

It  follows tha t  almost  all the zeros of  g are simple, which contradicts  the fact 

tha t  g has no zeros of multiplicity less than  2. Obviously, g(~) ~ a. Then  there 

exist ~ ,  (n -+ (0, such tha t  

g'(r f: , (  ~ + p . r  = a, 

for sufficiently large n. Since f~ and f~ share a IM, we have f,~(zn + p,~(,~) = 

a. Thus by g ~ ( ~ )  = pxi f ,~(z~ + p~(~) = Pnla  we obtain tha t  g(~0) = oo, a 

contradiction. The proof  of Theorem 1 is complete. 

4. P r o o f  o f  T h e o r e m  2 

We assume tha t  D = (Iz] < 1}. Suppose tha t  9 v is not normal  in D; without  

loss of generality we assume tha t  ~r is not normal  at the point  z0 = 0. Then by 

Lemma 5, there exist 

(a) a sequence of complex numbers z~ -+ 0, ]z~ I < r < 1, 

(b) a sequence of functions fn  C .T, and 

(c) a sequence of positive numbers Pn -+ O, 

such tha t  g,~(~) -- p~l[f~(z,~ + pn~) - a] converges locally uniformly to a non- 

constant  entire function g. Moreover, g is of order at most  one. 

C L A I M :  g z 0 i f  and only i f  g I =- a, and gt(~) ~ b. 

Indeed, suppose tha t  g(~o) -- 0. Then by Hurwitz ' s  Theorem, there exist ~ ,  

~n -+ ~o such tha t  

g~(r  = ; ; l [ / n ( z n  + ~ r  -- a] = 0. 

Thus fn ( z~  + Pn~n) = a. Since f~ and f~ share a IM, we have 

g;~ (~ )  = j ' ( z ~  + ; ~ )  = a. 

Hence g'(~0) = limn-~o~g~(~n) = a. Thus we have proved tha t  g '  = a whenever 

g = 0 .  

On the other  hand, if g '((0) = a, then there exist ~ ,  ~,~ ~ ~0, such tha t  

g ' ( ~ )  ' z  - - f ~ ( , ~ + p n ~ n ) = a ,  n = 1 , 2 , . . . .  
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Hence fn(Zn + Pn{n) = a and gn({n) = 0 for n = 1, 2 , . . . ,  since fn and f "  share 

a IM. Thus g({o) = lim,~-+oog~({~) = 0. This shows tha t  g = 0 whenever g '  = a. 

Hence g = 0 if and only if g '  = a. 

Next we prove tha t  g ' ( ( )  r b. Suppose that  there exists ~o satisfying g'({o) = b. 

Then,  by Hurwitz 's  Theorem, there exists a sequence { ,  such tha t  ~ -+ ~o and 

! Z = . -  / f'(n+p,d,d=bfor  1 , 2 , . .  Sincef (z)=bwheneverf:dz)=b, 
we have = b and = --- p;Z(b-a)  
This contradicts limn-,oogn({n) = g({0) r oo. So, g '({) • b. 

Hence we get 

(4.1) g'(~) = b + e A~+B. 

We claim tha t  A = 0. Suppose tha t  A r 0; then 

eA~+B 
(4.2) g(~) = b~ + ~ + C. 

Let g'(~) = a. Then by (4.1), (4.2) and g'(~) = a implies g(~) = 0, we deduce 

tha t  ~ = - ( C A  + a -  b)/(bA), which contradicts tha t  9'(~) = a has infinitely 

many  solutions. Thus we have 

(4.3) g ' ( ~ ) = b + e  B, g ( ~ ) = ( b + e B ) ~  +C.  

Since g is nonconstant ,  this contradicts the fact tha t  g(~) ~ 0 if and only if 

g'(~) = a. Thus $- is normal in D. The proof of Theorem 2 is complete. 

5. P r o o f  o f  T h e o r e m  3 

We assume tha t  D = { N  < 1}. Suppose tha t  ~" is not  normal  in D; wi thout  

loss of generality we assume that  9 r is not  normal  at the point z0 = 0. Then by 

Lemma 5, there exist 

(a) a sequence of complex numbers zn ~ O, [zn[ < r < 1, 

(b) a sequence of functions ]n E Y:, and 

(c) a sequence of positive numbers Pn --+ 0, 

such tha t  gn(~) = P~l[fn(Zn + Pn~) -- a] converges locally uniformly to a non- 

constant  entire function g. 

Next, using the same reasoning as in the proof  of Theorem 2, we can prove 

tha t  g = 0 if and only if g '  = a, and g(k) = g(k+l) = 0 whenever g = 0 for k > 2. 

Now we consider two cases. 
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CASE 1: 

we have 

k _> 2. Then  by L e m m a  6 and Nevanl inna 's  first fundamenta l  theorem,  

T ( r , g ) < _ N ( r , ~ ) + N ( r ,  g l l ~ _ a ) - N ( r , g ~ )  +S(r,g) 

<_T(r, g l ~ a )  - N ( r , g ~ )  § 

- - ( ) )  < T ( r ,  g '  - a) - N r, + S(~, g) 

_(1) 
_<T(~, g) - N r, T + S(r,  g). (5.1) 

Thus we get 

(5.2) N r, = s ( r , g ) .  

Hence by (5.1), (5.2) and the claim (g = 0 if and only ifg' = a, g(k) = g(k+l) = 0 
whenever g = 0) we get a contradiction: T(r, g) = S(r, g). 

CASE 2: k = l .  L e t ~ o � 9  T h e n g ' ( ~ o ) = a , g " ( ~ o ) = 0 .  

Thus  ~o is a mult iple  zero of g~(~) - a, so by Hurwi tz ' s  Theorem there exist two 

sequences {~in}, i = 1, 2, such tha t  limn-4oo ~in = ~o, and for large n, 

! 

g ; ( ~ )  = ~A~2n) = a. 

Hence, since f,~ and f,~ share a IM, we get 

(5.3) g~(~ ln)  = g~(~2~) = 0. 

Thus  by f"  = a whenever f = a, we have 

I I  g~(~in) = On f;; (z,~ + Pn~i,~) • 0, i --- 1, 2, 

so each ~in is a simple zero of gin - a .  Hence we deduce tha t  ~ln r ~2~ for 

n = 1, 2, 3 , . . . .  Thus by Hurwi tz ' s  Theorem,  ~o is a mult iple zero of g(~), which 

contradicts  g/((0) = a =fi 0. 

Hence 9 v is normal  in D. This  completes  the proof  of Theo rem 3. 
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